The steady state currents at an inlaid microdisc electrode have been modelled for a redox mediated enzyme catalysed reaction (such as the glucose, glucose oxidase, ferrocene system) in which all the components are present in homogeneous solution and the reaction of the redox mediator at the electrode is assumed to be either reversible or mass transport limited.
Introduction
In order to obtain information on a new combination of mediator, enzyme and substrate, for a particular biosensor, the simple homogeneous system is commonly studied [1] [2] [3] . In such experiments all of the biosensor components can freely diffuse in solution and therefore a simple model can be applied in order to understand the system. A form of the homogeneous system is also employed by commercially available glucose biosensors [4] , that use carbon paste electrodes containing mediator and enzyme that dissolves into a drop of blood (added to the electrode). A deeper understanding of the effects of the concurrent parameters on the measured current can therefore be helpful in improving biosensors.
The homogeneous enzyme system has been studied elsewhere for the one dimensional geometry corresponding to a macroelectrode [5] [6] [7] [8] [9] [10] [11] [12] . Analytical expressions for rotating disc and cyclic voltammetry studies of the homogeneous system have been derived for the limiting cases [7, 11] corresponding to unsaturating and saturating substrate concentrations. Kinetic constants have been obtained by fitting experimental data to the analytical expressions in the appropriate case [13] .
The study of currents at disc shaped electrodes is more difficult, not only because of their two-dimensional geometry, but also because of the singularity present at the inlaid discinsulator boundary which produces the so-called edge effect [14] [15] [16] [17] [18] [19] . Some linear diffusionreaction systems have been studied at inlaid disc electrodes, such as the pseudo first-order EC′ system, in either the transient [20, 21] or steady state [22] [23] [24] [25] [26] . However, non-linearity (either of the full Michaelis-Menten type or of its simplified second-order form) is a key complication arising from the homogeneous enzymatic reaction.
The inclusion of homogeneous second-order kinetics at spherical electrodes has been reported [27] [28] [29] . Second-order kinetics at disc electrodes was successfully dealt with by Tutty [17, 30] .
In this work we consider the Michaelis-Menten mechanism for the homogeneous enzymatic reaction which, through a mediator, produces a steady state current at the inlaid disc electrode. The organisation of the work is as follows. In section 1, the system is modelled with two partial differential equations involving four dimensionless parameters. In section 2, the outline of the numerical solution is described (simulation details are given in appendix A)
together with an analysis of the profiles. In section 3, approximate expressions for the dimensionless current are suggested and discussed. In section 4, the influence of the bulk concentration, electrode radius and rate constants is shown. Section 5 is devoted to the comparison of the experimental data for glucose/glucose oxidase with simulated currents.
Appendix B gathers a list of the main symbols used.
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1.-Mathematical formulation of the enzyme model
Let us consider a solution containing a substrate S which can be oxidised to a product P by the action of the oxidised form, E O , of an enzyme:
Neglecting the diffusion of the complex in comparison to the kinetics terms, its steady state concentration can be computed as:
where
is the Michaelis-Menten constant. Dimensional concentrations (in mol dm 
Let us label as the "bulk determined invariant" a well-known result [25, 26, [31] [32] [33] : if f is a function satisfying the Laplace equation ( ∇ = 2 f 0 ) in a domain (e.g. the volume of the solution) with boundary conditions of no gradient of f across any boundary (e.g. insulator) and a boundary condition corresponding to a "bulk" concentration value (i.e. a Dirichlet condition imposing f = f* at a finite or infinite distance from the electrode), then f = f* along all the domain. This property can be used in the mechanistic scheme considered here: i) for the total enzyme concentration, ii) for the substrate/product and iii) for the mediator, whatever the actual geometry of the system (electrode shape and size, insulator position, etc.).
i) Let [E Σ ] be the total concentration of enzyme:
If we assume that the diffusion coefficient of all of the enzymatic forms
is the same, we can write its continuity equation as
(with the implicit assumption that diffusion is the only mass transport phenomenon), which together with boundary conditions of zero flux at any surface (there are neither sources nor sinks for the enzyme) and a fixed bulk concentration value at infinite distance from the electrode, allows the application of the "bulk determined invariant" and leads to the conclusion that [E Σ ] is constant at any point in the solution. Moreover, due to the high molecular weight of the enzyme [34] (ca. 186000
Dalton), it is also reasonable to neglect diffusion of any enzymatic species [8] in front of the kinetic terms.
In the steady state, the continuity equation that models the system [5, 6, 8, 11] is
6 for the oxidized mediator A. D A stands for the diffusion coefficient of A and ∇ 2 stands for the (dimensional) laplacian operator in the appropriate geometry. These equations correspond to the so-called "ping-pong" aerobic mechanism of glucose oxidase [35] .
For the reduced mediator B, the continuity equation is
For the substrate S, by analogy with eqn. (7), we can write
and for the product P,
ii) Let us consider species S and P. There is only interconversion between them without any sources or sinks, so that the "bulk determined invariant" applies. In effect, as the conversion takes place in the solution, their boundary conditions at any limiting surface are:
where n is a coordinate normal to the boundary surface [32] . By adding (9) and (10), we
, and taking into account the boundary conditions (11) and the fact that at a point remote from the electrode the bulk concentration of P is assumed to be 0,
where the asterisk superscript indicates bulk conditions. 
one obtains:
where the fact that A is not present at points remote from the electrode surface has been used.
Thus, by virtue of the "invariants" (12) and (14), which are just algebraic relationships, only two of the four differential eqns. (7)- (10) need to be solved.
If we further assume an electrochemically reversible reaction at the electrode surface
where the superscript e stands for the electrode surface. Then, using eqn (14) at the electrode surface, one obtains,
which is uniform on the electrode surface, as expected for an electroactive species [36] .
Moreover, its value is independent of the actual geometry of the electrode and insulator [32] [33]. In the particular case when δ → ∞, we have diffusion limited conditions. Our results can then also be used for an irreversible redox couple under mass transport limited conditions.
We define the dimensionless concentrations as
Having in mind the application to the disc electrode (where the electrode radius a is the normalising distance), we introduce the following dimensionless parameters:
where the subscript B recalls that this parameter can be seen as a dimensionless bulk concentration of the mediator;
which can be seen as a dimensionless bulk concentration of the substrate;
[ ]
which can be seen either as a dimensionless total concentration of the enzyme or as a dimensionless kinetic rate constant for the enzyme-substrate reaction; and
which can be seen as a ratio of the effective diffusion contribution (or the diffusional availabilities) of species S and B to the homogeneous reaction.
The continuity equations (7) and (9) 
where r and z are dimensionless coordinates normalised with respect to the electrode radius a.
Eqns. (23) and (24) constitute a non-linear system due to the presence of the "kinetic term" on the right hand side of both equations, which also acts as the coupling between them.
The boundary conditions can be written
As the response function (which could be labelled "flux" φ), we use the current normalised with respect to the current obtained when there is the same amount of mediator but no enzyme:
where a re-scaling of the well-known expression for the current to a disk [26, 37] has been used in the denominator.
It is worthwhile noticing that the flux (or normalised current) depends on just four independent dimensionless parameters (eqns. (19)- (22)) which are combinations of sixteen original physical parameters. It can be seen that D P is not included in any of the set (γ B , γ S , γ E and γ r ) and thus, as expected from the assumed irreversibility of the second half of the catalytic reaction (1), the current is independent of its value. There are alternative choices for the normalised parameters [11, 38] ; for instance, replacing γ r with the combination γ r γ B /γ S has the advantage of rendering three separate experimentally-controlled parameters (γ B through the mediator bulk concentration or the applied potential, γ S through the bulk substrate concentration and γ E through the electrode radius or enzyme concentration) while the new parameter (γ r γ B /γ S ) would just be a relationship of physical constants (at constant temperature and pressure). However, we prefer to keep γ r because of the simplicity of the approximate expressions derived in section 3.2
2.-Numerical solution

Finite Element approach
We describe here the outline of the method of solution, while details are given in appendix A. The problem of solving eqns. (23) and (24) with boundary conditions (25)- (30) can be re-formulated as a weighted residual minimisation, in an extension of our previous works [18, 20, [39] [40] [41] . We have taken linear interpolation functions Ν i and triangular elements [18] with an expanding mesh [41, 42] . The non-linearity has been dealt with through an iterative scheme [10] : in one iteration a linearized substrate continuity equation is solved using concentration values of S and A for the non-linear factors in the kinetic term from the previous iteration. In the following iteration, the mediator continuity equation is solved using concentration values of S and A for the non-linear factors from the previous iteration.
Iterations are repeated until desired convergence of the flux is fulfilled. A copy of the program is available from the authors upon request. Both profiles (for S and A) are essentially similar to those described by Tutty [30] for a second order reaction (i.e. with the kinetic terms in the right hand side of (23) and (24) having no denominator). As in the second order reaction case, [S] approaches the bulk value more slowly than [A]. centre, which can be ascribed to the low value of S there (see Fig 2) . 
Profiles
The reaction shell
which indicates that the limiting position of the sharp reaction shell depends only on the ratio parameter γ r . Estimation (35) , applied with the parameters used to generate Fig. 4 , yields r R ≈ 2.87, which is acceptably good. Application of (35) with the parameters used to generate Fig.   3 yields r R ≈ 1.62 which is a worse estimation, as could be expected from the fact that the highly reactive zone is too close to the disc for the disc-sphere analogy to be sufficiently accurate.
3.-Approximate expressions for the current
Uniform substrate concentration on the electrode
Subtraction of γ r times eqn. (24) (24) and (23) as:
whose boundary conditions are combinations of those previously given (25)- (30) ( )
By re-scaling the problem, taking ( )
the boundary conditions become those of semi-infinite diffusion towards an inlaid electrode, whose normalised solution flux is just unity. As ( )
we conclude:
( ) 
This expression has also been represented in Fig 5 (discontinuous line) . The physical reason why the flux in eqn. (42) only depends on the parameter γ r , is that, as S e drops to 0 all the conversion of substrate into product is completed away from the electrode (in a more or less sharp reaction shell around r R in (35)), because the kinetic rate is high enough (without relevance of its particular value), and, so, the flux only depends on a diffusion phenomenon which is expressed in γ r .
However, for glucose concentrations which are not extremely low, some kind of estimate for S e should be convenient for eqn. (41) to be useful. If we approximate the kinetic term in (23) by a linear dependence on A:
we could use expressions available for steady state currents at the inlaid disc electrode under EC' conditions [25, 26] . In order to assign an adequate value to κ 3 , we recall that the S-profile in Fig 2 was smooth, so we can take S ≈ S e . We postpone the selection of the A value in the denominator of κ 3 and denote it by A . 
By equating the flux expressions given by (41) 
and then compute the flux with (41).
It is seen in Fig 6 that using this procedure with 1/ 2 A = (solid bullets •) yields 5% accuracy for this particular case, while using 1/ 3 A = (marker +) the least accurate is 3.3%.
The accuracy observed for other sets of parameters is similar.
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The pseudo-first order EC' limit
It is well known [8, 11, 26] that the mechanism considered here -whatever the geometry-can revert to a pseudo-first order EC' scheme. In order to analyse which condition should be met, we start by noticing that the kinetic term in the mediator continuity eqn.
[ 
whose flux has been computed through the dual integral approach [26] . Notice that in the non-dimensional 1 st order kinetic constant, which is between brackets in eqn (50), neither K M nor the substrate concentration are included.
The vertical dotted line in Fig 7 stands for an estimation of the right hand side of (49) taking 
The effect of electrode radius
The normalised current increases when a increases, as seen in Figs 
or corresponding to large kinetic factor (which seems physically less realistic):
In both previous expressions, two terms have been retained in Phillips' asymptotic formulae [31] . Expression (53) could be used to determine the quantity inside the square root, by plotting, for sufficiently large amounts of substrate and sufficiently low concentrations of mediator (in order to revert to first order EC'), the flux against the radius (see Fig 9) . If a small enough radius can be achieved with a reasonable accuracy, the corresponding first order kinetic constant is low, and eqn. (53) becomes adequate, so, the slope of the line as the radius tends to 0 allows the calculation of
From a practical point of view for the detection of an unknown concentration of glucose, the use of as large a microelectrode as possible, while keeping the time to reach steady state within a reasonable limit, will be beneficial.
Effect of the rate
As seen in Fig 10a, increasing k A has its largest effect on the saturating steady state flux (plateau), where the substrate-enzyme reaction is no longer limiting, so that the rate and hence steady state flux is mainly determined by the mediator-enzyme kinetics.
In contrast, increasing k cat, see Fig 10b) , also increases the steady state current but has a proportionally bigger effect on the current at low substrate concentrations where the enzyme substrate kinetics play a larger part in determining the current. For all substrate concentrations, increasing the turnover number of the enzyme increases the overall amount of reaction that can occur and so the steady state flux response increases.
The main impact of changing K M is the modification of the curvature of the graph (see Fig 10c) ), but the high and low substrate values for the different K M values are still comparable. Lower K M constants lead to a proportionally larger steady state flux at the lower unsaturated substrate concentrations (the plateau is reached at lower substrate concentrations).
Changing K M , for this set of parameters, has less effect on the steady state flux near the 
5.-Experimental results
A three electrode system was employed: platinum working microelectrode [44] , SCE reference electrode and platinum gauze counter electrode. All experiments were carried out in In this instance, however, the fit is not quite as good, but shows that the kinetic parameters chosen for the model are in the correct range.
The scatter in the experimental data, particularly for the smaller electrode in figure 11 , is caused by the difficulty in measuring small increases in current over the diffusion current as substrate is added. The slight decrease in the current at high concentrations may be due to changes in the solution viscosity at high glucose concentration leading to a decrease in the diffusion coefficient of the mediator by approximately 10 % over the full range of substrate concentration.
Conclusions
The non-linear equations corresponding to the model considered in this work (see Fig   1 and eqns. (7)- (10) ) can be solved with an iterative scheme of the Finite Element Method.
Profiles for the various species and for the kinetic term show the similarities with spherical diffusion (spherical profiles far away from the electrode and formation of a "reaction shell" whose position can be estimated with eqn. (35)) as well as differences (distortions from spherical geometry close to the microelectrode).
Approximating the concentration of substrate at the electrode surface by a constant leads to a good approximation of the flux, eqn (41). The flux can, then, be straightforwardly estimated for low substrate concentration, using eqn (42) Finally, this study has shown that the combination of finite element simulation and analytical analysis leads to a deeper appreciation of the coupled non-linear diffusion-reaction system and the factors which determine its behaviour.
where V represents the domain volume.
Integration by parts and application of the boundary conditions leads to
An analogous equation can be written for A:
Discretising the unknown functions as a sum of interpolation functions Ν j that multiply the function values S j and A j at ℓ chosen nodes (common to both species),
and taking the interpolation functions Ν i as the weighting functions ω, eqn. (A-2) becomes, for each unknown node i,
where the discretisation has not been applied to the non-linear term inside the last integral.
Due to this non-linearity, we have not solved the steady-state problem in one step, but through iteration of two linear systems [10] . In order to obtain an iterative scheme where a linear solution is found each time, we approximate this non-linear "kinetic factor" as a constant within each integration element, using the nodal values from the previous iteration
This choice has the advantage of keeping the symmetry of the matrices.
Let n A and n S represent the number of unknown nodes of A and S respectively and let us ascribe to the indices of the nodes corresponding to Dirichlet boundary conditions (either at the bulk or at the electrode surface) values greater than n A and n S , respectively. Gathering unknown nodes on the left and known nodes on the right hand side, eqn.(A-5) becomes
where the boundary conditions (29) and (30) have been applied. In each iteration step eqn.
(A-7) is solved as a linear system for S j .
Analogously, for the mediator
Iterative process
When the values used as first guesses in the kinetic factor are far from the true steadystate solution, matrices can loose their positive definiteness. In order to avoid this effect, we have introduced an application fraction q appl (or damping of the kinetics) which multiplies the non-linear terms in (A-7) and (A-8):
q appl typically doubles during the 6 first iterations and reaches unity from the sixth iteration on. In each iteration eqn. (A-9) is solved in S j taking as values for A j and S j in the kinetic terms those found in the previous iteration. Then eqn. (A-10) (with the same q appl ) is solved for A j using the S j values and the A j values from the previous iteration in the kinetic term.
Typically, fifteen iterations (for six of which q appl < 1) are enough to obtain a difference in the dimensionless currents between two iterations of less than 1 in 10 5 .
Appendix B: List of Symbols
Symbol Meaning Equation(s) involved * bulk superscript (12), (14) ∇ 2 dimensional laplacian operator (7), (8), (9), (10) [ X ] dimensional concentration of species X: A, B, S, P, E R , etc. (12), (14), (46) a dimensional electrode radius A, B, S, P, etc. (7), (8), (9), (10) e electrode surface superscript (15) , (38) 
forward and backward rate constants (1), (2) k A mediator-enzyme rate constant (4), (7), (8), (19) (2), (7), (8), (19) , (21) (3), (7), (8), (20) 
